Conic sections (Conics)

A conic section is formed when aright circular cone with two parts, called nappes, is intersected by
aplane. One of four types of curves can be formed: a parabola, acircle, an ellipse, or a hyperbola
A circleisformed when aconeis cut perpendicular to its axis. An ellipse is produced when the coneis
cut obliquely to the axis and the surface. A hyper bola results when the cone is intersected by a plane
parallel to the axis, and a parabola results when the intersecting plane is parallel to an element of the
surface.

Parabola Circle Ellipse Hyperbala

Conic Sections

When such acurve is plotted on a coordinate system, it may be defined as follows:

Definition

A conic section isthe locus of all pointsin a plane whose distance from a fixed point is a constant
ratio to its distance from a fixed line. The fixed point isthe focus, and the fixed lineisthe
directrix.

Theratio referred to in the definition is called
the eccentricity (e).
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\.\\/ 0<e<1 itisandlipse

i e > 1,itisa hyperbola
— - e =1,itisaparabola
e =0, itisacircle.




Circle

Basic terminology:

A chord is an abscissathat joins two points on the circumference of acircle. SRS, |
A tangent to acircleisastraight line that touches the circle at one point (the
point of tangency). ( |
An exterior lineto acircleisastraight line that neither touches nor cutsthe \_—7 :
circle. U ot
A diameter isachord that passes through the centre.
Circumference is the distance measured around the curved edge of acircle.
A radiusisany abscissa from the centre to the circumference.
The curved part of the circle between points A and B is known as an arc.
There are two arcs AB: The larger is the major arc, the smaller isthe minor arc.
The chord AB divides the circle into two segments, the magor segment and
the minor segment.
The perpendicular bisector of any chord passes through the centre of itscircle (i.e. it
isalinethat is perpendicular to the chord and passes through its centre).
Any dtraight line that cuts across a circle at two points is caled a secant. (A tangent
isaspecial case of a secant, as the two cuts become a single point at contact. These two

cuts are said to become coincident.)

Definition:
Thelocus of all pointsin the plane, the distance of whose from a fixed point S, called
the centre, isa constant, called aradius. SX =r=X-S

Equations of acircle:
The equation of the circle is centred at the origin with radiusr is
_\ - givenby:x2+y2=r2
) | If X [x,y] isagenera point on the circumference and the centre S [h, k], then
the analytical expression of acircle with the centre Sand radiusr is:
(x=h)"+(y—k)'=r"
This equation is called the centre form of the circle equation.

When expanded the brackets and simplified, we get the general form of the circle equation:
x2+y2—2hx—2ky+ h + k> —r’= 0, what isin fact: x2+y2+ ax+by +c=0.
If point X lies:



a) Onthecircle, then (X —m)* + (y —n)’=r?
b) Insidethecircle, then (x —m)*+ (y —n)*<r?
c) Outsidethecircle then (X —m)* + (y —n)*>r?

Examplel:

Find the equation of the circle with centre [8- 7] and radius 9.
The equationis (X — 8)2 +(y+ 7)2 =9

Expanding and simplifying give the general form:

x* - 16X +64+y* +14y +49=81

x* - 16x+y* +14y+113=81 /-81

x* - 16X+ y* +14y+32=0

x> +y?-16x+14y+32=0

I f the equation of a circleisgiven in the general form then we can use the technique of

completing the squareto expressit in the centre form of the circle equation.

Example2:
Find the centre and radius of the circle with equation x* + y* +2x- 4y - 4=0.
Group x terms together and y terms together:

x> +2x+y?-4y- 4=0

Complete the square for the x terms and the y terms:
(x+1)°-1+(y- 2)*- 4- 4=0

(x+2)*+(y- 2)*-9=0 /+9

(x+2f +(y- 2 =9

Thecentreis [ 1,2] and the radiusis +/9 = 3.

Example3:
Find the equation of the circle whose centreis at the point [],3] and which passes through the
point[4,3].
Thecentreisat[1,3], so: (x- 1)* +(y- 3)° =r?
For the point[4,fﬂ ,s0: (4- 1)* +(3- 3’ =r?
9=r%sor=3
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Example 4:



Find the equation of the cir cle which passesthrough the points A [1,2], B[2,5] and C[- 3,4].
The circle has equation: X+ y2 +ax+hby+c=0
For the point [1,2] , so: 12 +22 +1a+2b+c=0 [1]
For the point [2,5] , so: 22 +52 +2a+5b+¢c=0 [2]
For the point [- 34] , so: (- 3 +4%- 3a+4b+c=0 [3
Solvesimultaneously 5+la+2b+c=0 [l
29+2a+5b+c=0 [2]

25- 3a+4b+c=0 [3]
Expressfrom [1] a=-2b- ¢- 5 and putitto[2], [3].
29+2a+5b+c=0
25- 3a+4b+c=0
29+ 2(- 2b- c- 5)+5b+c=0
25- 3(- 2b- c- 5)+4b+c=0
29- 4b- 2c- 10+5b+c=0
25+6b+3c+15+4b+Cc=0

b-c+19=0 /(-10) LT
10b+4c+40=0 7
- 10b+10c- 190 =0 b-c+19=0

10b+4c+40=0

14c =150 =
b- &% 19=0
150 el o
14
_75 b o 75+133_
7 7
b:-5_8
Substitutinginto [1] a=-2b-c-5 7
_ 2585 75 __116-75-35_6
a=-2c—+ —-5b="———=2
e/l g 7 7 7
The equation of the circleis: x2+y2+gx-§y+§:0 /7

7X* +7y? +6x- 58y +75=0

Exercise




1. Find the equation of the circles with these centres and radii.

a) Centre[1,2], radius 3 b) Centre[3,1], radius 4

c) Centre[—2,3], radius 1 d) Centre[1,—3], radius5

e) Centre[—4,0], radius 4 f) Centre[2,—4], radius 7

g) Centre[—3,5], radius 6 h) Centre[4,—1], radius 3

2. Find the centre and radius of each of these circles.

a) x> +y*=16 b) x*+y? =81

C) X’ +y®>+6x- 4y+12=0 d) xX*+y*-4x=0

e) x> +y*+6y-16=0 f) x> +y?- 6x+8y-11=0
g) x*+y’+14x- 10y- 7=0 h) x* +y?-12x- 12y+8=0
i) x> +y*+16x+12y =0 j) x> +y?-2x+2y-2=0

k) x> +y?- 14x+16y- 31=0 ) x*+y?-5y+4=0

3. Find the equation of the circle whose

a) centreis at point [5,4] and which passes through the point [9,7]

b) centreisat point [1,—7] and which passes through the point [—4,5]
c) centreisat point [5,7] and which touches the x-axis

d) centreis at point [—2,—3] and which touches the y-axis

4. Find the equation of the circle which hasthe points A[2,5] and B[10,11] asthe endsof a
diameter.

5. Find the equation of the circle which hasthe points P[—2,3] and @[4,5] asthe ends of a
diameter.

6. Find the equations of the circles of radius5, which touch the x-axis and pass thr ough the point
B[3.1]

7. Determine whether the points A[1,2] B[8,—2] and €[7,10]lie on the circle whose equation is
x> +y?- 8x-12y+27=0

8. Deter mine whether the points A[0,6] and B[4, —2] lie on the circle whose equation is
x> +y?- 2x+2y=8

9. Determine whether the points P[2,—1] and @[3,7] lie on the circle whose equation is
x> +y?-12x- 4y+15=0

10. Find the equation of the cir cle whose centre which passes through the points:
a) A[01],B[4,3] and C[1-1].

b) A[10], B [01]and C[34]

c) A[2-1],B[13 and C[1-4].

d) A[2.2],B[- 21 and C[23].



I nter section of alineand acircle

Consider astraight line ¥ = mx + ¢ and acircle (x — a)* + (v — b)* = r*.

To decide how many points of intersection there are we must solve simultaneously the equations of the
straight line and the circle. The number of roots of the resulting quadratic equation determines which
case gpplies:

1. Noreal roots 2. Onerepeated root 3. Two distinct roots
ne intersection W inlersections

L=, ¥a) ane interseciion

T — (e v

Thestraight linetouchesthe  The straight line intersectsthe
circleat onepoint —itisa circle at two distinct points
tangent to thecircle

The straight line does not
intersect thecircle

Examplel:
Determine whether the line y = x+lintersectsthecircle x* + y* - 6x- 2y+6=0 at two points,
one point or not at all.

Substitute y = x +1in the equation of the circle:

X +(x+1)* - 6x- 2(x+1)+6=0

X2 + X2 +2x+1- 6X- 2x- 2+6=0

2x* - 6x+5=0

Using the discriminant witha= 2, b=-6, c = 5 gives
D =b?- 4ac

D =(- 6)° - 4(2)(5)=36- 40=-4

Since the discriminant is negative the quadratic equation has no rea roots.
Geometrically thistellsyou that the line does not inter sect the circle.

Example 2:

Determine whether theline x+ y = 3intersectsthecircle x* + y* + x- 5y +4=0 at two points,
one point or not at all. Find the coor dinates of these points (the points of inter section or the point
of tangency).

Substitute y = - x + 3in the equation of the circle:
X2 +(- x+3)° +x- 5(- x+3)+4=0

x>+ %% - 6X+9+x+5x-15+4=0
2x*-2=0

x*-1=0
Using the discriminant witha=1,b=0, c = -1 gives



_-b+/D
%2 2a
X, = Oif =1

This equation has two distinct roots and hence the straight lineintersectsthe circle at two distinct
points.

Whenx=1,y=-1+3=2andx=-1,y=1+3=4

The points of inter section are [1,2] and|[- 1,4].

Example 3:
Show that theline y = x- 2isatangent tothecirclex® + y* - 6x+2y+8=0.Find the

coor dinates of the point of tangency.

Substitute y = x- 2in the equation of the circle:
X +(x- 2)° - 6x+2(x- 2)+8=0

X*+X° - 4X+4- 6X+2x- 4+4=0

2x% - 8x+8=0

X?-4x+4=0
Using the discriminant witha=1,b=-4,c =4 gives

D =b?- 4ac
D =(- 4)*- 4(1)(4)=16- 16=0

Since the discriminant is zero the quadratic equation has one repeated root.
Theonerepeated root impliesthat the linetouchesthe circle at just one point. Therefore, itisa

tangent to thecircle.

The coor dinates of the point of tangency
_-b
2a

4
X=—==2,y=2-2=0
5 y

The point of tangency is[2,0].



Tangent to thecircle

Definition
The analytica expression of atangent to acircle (x — m)2 +(y—- n)2 =r’at the point of tangency
T [XO’yO] is (Xo - m)(x- m)+(yo - n)(y' n)= re

Example 4:
Find the equation of the tangent to thecircle x* + y* - 6x- 4y +3=0 at the point of
tangencyA[2,5].

Complete the square for the x terms and the y terms:
(x-3)°-9+(y- 2)*- 4+3=0

(x- 3" +(y- 2)°-10=0 /+9

(x- 3 +(y- 2)* =10

for the centre §[3,2] and theradiusr = 10: (x, - 3)(x- 3)+(y, - 2)(y- 2)=10
for the point of tangency[25]: (2- 3)(x- 3)+(5- 2)(y- 2)=10
- 1(x- 3)+3(y- 2)=10
- X+3+3y- 6=10

- x+3y-13=0 [+x [+13
3y =x+13 /:3
L

3 3

The equation of the tangent to the circle at the point of tangency A is. y = % X+ %’

Exercise




1. Deter mine whether the given straight line inter sects the corresponding circle at two points, one
point or not at all.

a) y=x-4and x> +y*- 5x+3y+8=0

b) y=3x- 11 and x* +y? - 4x- 30y+209=0
C) y=2x- 5and x> +y*-12x- 4y-10=0
d) y=x+2and x*+y*+3x- y=0

e) y=x+2and x> +y*- 7x- 3y+11=0

fy y=2x-land x> +y?- 8x+y+25=0

2. Determine whether the given straight line inter sects the corresponding circle at two points, one
point or not at all. Find the coordinates of these points (the points of inter section or the point of
tangency).

a8 y=7- xand x> +y®- 6x- 4y+9=0

b) y=7x+2 and x> +y? +8x+2y- 8=0

c) y=11- x and x> +y*- 8y- 9=0

d) y=5x+15and x* +y* +10x- 6y- 31=0

3. Show that theline y = x- 3isatangent tothecirclex* + y* - 5x- 9y +14=0. Find the
coor dinates of the point of tangency.

4. Show that theline y = 2x- 3 isatangent to thecircle(x- 5)* +(y- 2)* =5. Find the
coor dinates of the point of tangency.

5. Show that the line y =3x- 1 neither cutsnor touchesthecircle (x- 4)* +(y- 1) =9

6. Show that theline y =3x+1isatangent tothecirclex® + y* - 14x- 4y+13=0. Find the
coor dinates of the point of tangency.

7. Show that theline y = x+ 3 neither cutsnor touchesthecirclex® + y* - 6x+8y- 7=0.
8. Show that the line y = 2x+3 isa secant to thecircle(x - 4)* +(y- 1)* = 28.

9. Show that theline y = 3x+5 isa secant to thecirclex® + y* - 2x- 6y+5=0.

10. Find the equation of the tangent to the corresponding circle at the given point of tangency.
a) x> +y?- 2x- 6y+8=0,T [2.2]

b) x? +y*+6x- 4y+8=0,T [- 1]

) x*+y?+10x+8y+39=0,T [- 4,-3]

d) x2+y?+10y+20=0,T [2-4]

€) x> +y? - 14x+8y+57=0,T [9,- 2]

f) x2+y?- 12x- 16y =0, T [0,0]












